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in fuzziness, yielding a four-state representation that preserves probability conser-
vation while enriching the descriptive capacity of shadowed-set approximations. We
establish fundamental properties, including structural non-invertibility and entropy
refinement, and show that the probabilistic representation contains information un-
available in conventional shadowed sets. Experimental studies involving diverse con-
tinuous membership functions demonstrate that PSS consistently reveals structural
differences that remain indistinguishable under classical shadowed-set approxima-
tions. These results position Probabilistic Shadowed Sets as a principled extension of
shadowed-set theory for structure-aware uncertainty representation.

1. Introduction

The representation of uncertainty lies at the heart of fuzzy set theory. Since the introduction of fuzzy
sets by Zadeh [1], numerous frameworks have been developed to capture different facets of uncertainty,
including rough sets [2], intuitionistic fuzzy sets [3], shadowed sets [4], and three-way decision models
[5]. Among these, shadowed sets introduced by Pedrycz [4] and applied to interpretation of cluster[6-
9], granular computing [10-12], salient region detection in image edge detection [13], occupy a distinctive
position by transforming a fuzzy set into a three-region approximation consisting of acceptance (elevated
membership), rejection (reduced membership), and uncertainty regions (shadow membership, any value
in (0,1)). Rather than eliminating vagueness, shadowed sets concentrate uncertainty into an explicitly
identifiable boundary region, thereby providing an interpretable bridge between gradual and discrete
representations.

The development of shadowed sets has largely focused on determining optimal boundaries between
these regions. Various principles have been proposed, including minimum approximation error [14,
15], uncertainty balance [6, 16], average uncertainty minimization [11], nearest quota of fuzziness [17],
entropy-based optimization [18, 19], gradual-number formulations [20], and game-theoretic strategies
[21, 22]. Other studies have extended the framework to five-region approximations [23], multigranularity
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shadowed structures [24], generalized fuzzy environments [25, 26] and fuzziness-driven three-way deci-
sion models [27, 28]. These developments have substantially improved the construction and applicability
of shadowed set approximations.

Despite these advances, a fundamental question remains largely unexplored. Once uncertainty has
been condensed into the shadow region, is that uncertainty itself structurally uniform?

Classical shadowed sets implicitly answer this question in the affirmative. All elements assigned to
the shadow region are represented through a single undifferentiated state regardless of how the under-
lying uncertainty is organized. Consequently, two elements may possess identical degrees of fuzziness
while exhibiting markedly different local uncertainty behavior. One may belong to a stable zone in which
uncertainty persists over an extended neighborhood, whereas another may arise from a rapidly chang-
ing transition between acceptance and rejection. Within existing shadowed-set models, these distinct
situations become indistinguishable.

This observation suggests that uncertainty possesses two complementary attributes. The first at-
tribute is its magnitude, describing how uncertain an element is. The second attribute is its structural
organization, describing how that uncertainty is distributed locally within the underlying fuzzy represen-
tation. Conventional shadowed sets capture the former but remain insensitive to the latter. As a result,
potentially informative structural characteristics are lost when the shadow region is represented as a
single homogeneous component.

The objective of this paper is to develop a representation capable of preserving this latent structural
information. Taking insights from Yager [29], we begin by introducing the equilibrium deviation

0(z) =2ua(x) — 1,

which quantifies displacement from the point of maximum uncertainty. From this quantity we take
the fuzziness degree as

v(a) = 1 - |§(2),

which measures the local intensity of uncertainty. We then investigate how uncertainty varies across
the domain through the gradient of v/(z). This leads to the concepts of intrinsic persistence and intrinsic
transience, which distinguish uncertainty that remains locally stable from uncertainty associated with
rapid transitions. The resulting decomposition induces a probability quadruple

I(z) = (pM<x)7pP(x)apT(:E)apN(x))>

representing membership, persistent uncertainty, transient uncertainty, and non-membership, re-
spectively.

The proposed framework, termed Probabilistic Shadowed Sets (PSS), extends the classical three-way
representation without introducing external tuning parameters. The construction preserves probability
conservation, admits a natural balance-induced threshold mechanism, and retains linear computational
complexity. More importantly, it enriches the descriptive capacity of shadowed set approximations by
revealing structural distinctions that remain hidden within conventional models.

The theoretical development is supported by a collection of validation studies. We establish a struc-
tural non-invertibility property showing that the probabilistic representation constitutes a strict refine-
ment of conventional fuzzy membership. An entropy refinement result demonstrates that the proba-
bilistic decomposition preserves and enriches uncertainty information. Furthermore, structural discrim-
ination experiments involving continuous membership functions reveal that probabilistic shadowed sets
consistently identify differences in uncertainty organization that classical shadowed approximations ei-
ther suppress or substantially attenuate. Additional locality analyses confirm that the proposed repre-
sentation captures meaningful structural variability while preserving coherent uncertainty behavior.

The contributions of this work are summarized as follows:

e We identify and formalize the notion of structural organization within the shadow region of a fuzzy
set.
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e We introduce intrinsic persistence and transience as first-principles descriptors derived from local
variations of fuzziness.

e We develop Probabilistic Shadowed Sets, a parameter-free probabilistic refinement that transforms
the shadow region into a structured uncertainty representation.

e We establish fundamental theoretical properties including structural non-invertibility, probability
conservation, and entropy refinement.

e We provide experimental evidence that demonstrates that the proposed framework reveals struc-
tural distinctions that remain inaccessible to conventional shadowed-set representations.

The remainder of this paper is organized as follows. Section 2 develops the equilibrium geometry
of fuzzy membership. Section 3 derives the intrinsic probabilistic representation. Section 4 formulates
Probabilistic Shadowed Sets. Section 5 presents theoretical validation studies. Section 6 concludes the

paper.

2. Equilibrium Geometry of Fuzzy Membership

The term equilibrium in this paper is used in a specific technical sense. It refers to the point at which
the competing tendencies toward membership and non-membership are perfectly balanced. For a given
element z, this occurs precisely when the membership degree 14 (z) equals its complement 1 — (),
i.e., when p4(z) = 0.5. At this point, neither tendency dominates, and the local uncertainty is maximal.

The structure of this equilibrium — whether it is sustained over a region or encountered only tran-
siently — determines the nature of uncertainty and forms the foundation of the Probabilistic Shadowed
Set framework.

2.1 Observational Foundation

Consider a fuzzy set A defined on a universe U with membership function 14 : U — [0, 1]. The grade
wa(x) represents the degree to which element = belongs to the concept represented by A. This function
is not an arbitrary mathematical construction; it arises from empirical observations, expert knowledge, or
learning processes. Consequently, its structure encodes information about the underlying phenomenon.

Two fundamental observations about any membership function are immediate:

1. For each x € U, the membership grade 114 (x) and its complement 1 — 4 (x) form a competitive
pair: an increase in one decreases the other. They represent, respectively, the tendencies toward
membership and non-membership.

2. The degree of uncertainty experienced at = is maximal when these two competitive tendencies are
perfectly balanced, i.e., when p14(x) = 1 — pa(x). In contrast, when 14 (x) approaches o or 1, the
element becomes decisively classified and uncertainty vanishes.

These observations suggest that uncertainty is not an intrinsic property of the element x alone, but
rather emerges from the interplay between membership and non-membership tendencies. The structure
of this interplay reveals the nature of uncertainty.

2.2 Equilibrium Deviation and Fuzziness
Let us formalize the competitive relationship between membership and non-membership.

Definition 2.1 (Equilibrium Deviation). The equilibrium deviation at x € U is defined as

5(x) = pale) — (1 - pale)) = 2pa() — 1. (1)
The equilibrium deviation §(x) € [—1, 1] measures the signed imbalance between membership and
non-membership tendencies. The sign of § () identifies the dominant tendency: positive values indicate
membership dominance, negative values indicate non-membership dominance. The magnitude |0(x)|
measures the strength of this dominance.
When 6(x) = 0, the two tendencies are perfectly balanced. This occurs precisely when 4 (x) = 0.5.
We refer to this state as equilibrium.
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Definition 2.2 (Fuzziness Degree). The fuzziness degree at = € U is defined as

v(e) =1—16(z)] = 1= 2pa(z) — 1. (2)

The fuzziness degree v(z) € [0, 1] measures the local uncertainty experienced at z. It attains its
maximum value v(z) = 1 precisely at equilibrium (z4(x) = 0.5), and its minimum value v(z) = 0
at complete commitment (u4(z) € {0,1}). This quantity is entirely determined by the membership
function and requires no external parameters.

Remark 2.3. The fuzziness degree v(x) coincides with the membership function of the fuzziness set ¢4
introduced by Tahayori et al. [20]. However, here it emerges directly from the observed competitive
relationship between membership and non-membership, rather than being postulated as a measure.

2.3 The Geometry of Fuzziness

The functionv : U — [0, 1] describes the distribution of uncertainty across the universe. Its geometry
encodes structural information about how uncertainty is generated.

Definition 2.4 (Fuzziness Set). The fuzziness set of A is defined as

o4 =A{(z,v(x)): 2z €U} (3)

The fuzziness set ¢ 4 is a fuzzy set whose membership function is precisely the fuzziness degree. Its
support is the region where v(x) > 0, correspondingto p4(x) € (0, 1). The points of maximum fuzziness
satisfy v(z) = 1, i.e., pa(z) = 0.5.

To analyze the geometry of v, we examine its local behavior. A fundamental question arises:

How rapidly does fuzziness change as we move through the universe?

This question is of central importance because the rate of change of fuzziness reveals whether uncer-
tainty is sustained over a region or occurs only transiently at a boundary.
To answer this question, we examine the relationship between fuzziness and membership. Recall that

v(z) =1 — |2pa(x) — 1] (4)

This function depends on 1.4 () through the absolute value. To determine how v changes with respect
to 4, we consider two cases.

1. When pa(x) < 0.5: Here, 2u4(z) — 1 < 0,50 [2u4(z) — 1| = 1 — 2u4(z). Thus,

v(z) =1—(1—=2ua(x)) =2ua(x). (5)

Consequently,

dv

=2
" (6)

This means that on the left side of equilibrium, fuzziness increases with membership.

2. When pa(z) > 0.5: Here, 2ua(z) — 1 > 0,50 |2ua(x) — 1| = 2ua(z) — 1. Thus,

v(z) =1— (2paz) — 1) = 2(1 — pa(z)). (7)
Consequently,
dv
— = -2,
din (8)

This means that on the right side of equilibrium, fuzziness decreases with membership.



Journal of Computational Intelligence and Decision Analytics
Volume 2, Issue 1 (2026) 1-32

These two cases can be unified into a single expression. Observe that the derivative of v with respect
to g is +2when ps < 0.5 and —2 when 4 > 0.5. This is exactly:
dv
dpa

where sgn(-) denotes the sign function. Since §(x) = 2u4(x) — 1 is the equilibrium deviation, we
have:

= —2-sgn(2ua(z) — 1), (9)

dv
dpa
Now, applying the chain rule to obtain the spatial gradient, we get:

= 2. sgn(5()). (10)

dv

Vv(z) = e Via(x) =—=2-sgn(0(z)) - Via(x). (11)

This derivation leads to the following definition.

Definition 2.5 (Fuzziness Gradient). For a differentiable membership function, the gradient of fuzziness
at z € U is defined as

Vv(x) =—2-sgn(2ua(z) — 1) - Vua(zx), (12)

where sgn(-) denotes the sign function.

The gradient V() measures how rapidly fuzziness changes in the neighborhood of z. Its magnitude
|Vv(z)| indicates the rate of transition between uncertainty and commitment. Crucially, this definition
is not an external imposition; it is an inevitable consequence of the relationship between fuzziness and
membership.

Two qualitatively distinct situations arise naturally from the geometry of v:

1. Sustained Fuzziness: When |Vv(z)| =~ 0 over a region, the fuzziness remains essentially un-
changed. The equilibrium state is maintained over an extended interval.

2. Transitional Fuzziness: When |Vv(x)| > 0 at a point, the fuzziness changes rapidly. The equilib-
rium state is encountered only momentarily before commitment is recovered.

These observations lead to an intrinsic characterization of uncertainty persistence.

2.4 Intrinsic Persistence and Transience
The preceding analysis of the fuzziness gradient reveals that uncertainty exhibits fundamentally dif-
ferent local behaviors. When |Vv(z)| & 0, fuzziness is locally constant and the equilibrium state is sus-
tained. When |Vv(x)| > 0, fuzziness changes rapidly and equilibrium is encountered only transiently.
To capture this distinction formally, we introduce the concept of persistence.

2.4.1 Behavioral Characterization of Persistence

Consider the fuzziness field v : U — [0, 1]. For an element x € U, the degree to which uncertainty
persists in a neighborhood of x is determined by how slowly v varies in that neighborhood.

Definition 2.6 (Behavioral Characterization of Persistence). Persistence is the degree to which the fuzzi-
ness state at a point is maintained across its spatial neighborhood. Equivalently, it is the likelihood that
a small displacement from x leaves the uncertainty state essentially unchanged.

This characterization leads to two fundamental observations:

1. When v changes slowly, uncertainty at x resembles uncertainty at nearby points. The uncertainty
state is sustained — it persists.
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2. When v changes rapidly, uncertainty at z differs substantially from its surroundings. The uncer-
tainty state is localized — it does not persist.

These observations establish that persistence is fundamentally a measure of local stability of the fuzzi-
ness field. More formally:

1
Persistence at . 1
v rate of change of v at x (13)

This relationship yields three necessary conditions that any persistence function P(z) must satisfy.

2.4.2 Axioms for Persistence

1. Monotonicity. Persistence decreases monotonically with increasing local variation of fuzziness.
Formally, there exists a strictly decreasing function ® : R>, — (0, 1] such that

P(z) = @(|Vr(z))).
2. Boundary Conditions. At the extremes of behavior:

0)=1,  lim ®(g) = 0.

g—0o0

When fuzziness is perfectly flat (Vv = 0), uncertainty persists perfectly (P = 1). When fuzziness
changes infinitely rapidly (|Vv| — 00), uncertainty does not persist at all (P = 0).

3. Simplicity. Among all functions satisfying Monotonicity and the Boundary Conditions, the persis-
tence function should be the simplest rational form, introducing no unnecessary parameters.

These axioms follow directly from the behavioral characterization of persistence as local stability of
the fuzziness field.

2.4.3 Derivation of Persistence

Let g = |Vrv(x)| > 0. By Axiom 1, P(x) = ®(g) for some strictly decreasing function ¢. By Axiom 2,
®(0) = 1 and lim,_,., (g) = 0. By Axiom 3, among all rational functions satisfying these constraints,
the simplest is:

1
d(g) =

The boundary condition ®(0) = 1 is automatically satisfied. The constant a determines the rate of
decay. Since |Vv/| has units of inverse length, a has units of length. Normalizing o = 1 defines the unit
of gradient measurement, yielding:

a > 0.

1
1+ Vv (z)|

Thus, the persistence function is the unique minimal rational form consistent with the three axioms.

P(x) (14)

Definition 2.7 (Intrinsic Persistence). The persistence of fuzziness at z € U is defined as

1

PO = e

This definition possesses the following natural properties:

1. P(z) € (0,1]forallz € U.

2. P(z) = 1lifandonly if Vv(x) = 0 (perfect persistence).
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3. P(x) = 0as|Vuv(x)| — oo (zero persistence).

4. P(x)is entirely determined by the geometry of the membership function; no external parameters
are introduced.

Definition 2.8 (Intrinsic Transience). The transience of fuzziness at « € U is defined as

V()]
Tx)=1-Pz)=—c—.
() (@) 1+ |Vy(z)|
The transience T'(z) € [0, 1) measures the degree to which fuzziness is transitional rather than sus-
tained. When T'(xz) ~ 0, the fuzziness is highly persistent. When T'(x) ~ 1, the fuzziness is highly

transient.

(16)

Remark 2.9. The quantities P(x) and T'(z) are complementary: P(x) + T'(z) = 1. They form a natural
decomposition of the local behavior of fuzziness into sustained and transitional components, induced
entirely by the geometry of the membership function. The ratio

P(z) B 1
T(z) |Vv(z)]
directly expresses the relative prevalence of persistence over transience. When the fuzziness gradient
is small, persistence dominates; when the gradient is large, transience dominates.

Remark 2.10. The persistence function is not arbitrary. Itis the unique minimal rational function satisfying
three natural axioms derived directly from the behavioral characterization of persistence as local stability
of the fuzziness field. Alternatives such as e=V¥I, 1/(1 + |Vv|?), or 1/(1 + /|Vv]) either introduce
unnecessary parameters or violate the simplicity axiom. The linear form 1/(1 4+ |Vv|) is the simplest
rational function consistent with the axioms.

2.5 Structural Dichotomy of Equilibrium

The equilibrium region is naturally characterized by high fuzziness, i.e., v(x) ~ 1. However, the nature
of equilibrium differs fundamentally depending on whether persistence or transience dominates.

Definition 2.11 (Persistent Equilibrium). An element = € U exhibits persistent equilibrium if

v(x) is high and P(z) is high. (17)
The collection of such elements is denoted by

Ep={re€U:v(x)>nand P(x) > T}, (18)
where 77 and 7 are structural thresholds to be determined.

Definition 2.12 (Transient Equilibrium). An element x € U exhibits transient equilibrium if

v(z) is high and T'(z) is high. (19)

The collection of such elements is denoted by

Er={zxeU:v(x) >nand T (z) > 7}. (20)

Equivalently, since T'(x) = 1— P(x), the transient equilibrium condition can be expressed as v(z) > 7
and P(z) < 7.

Theorem 2.13 (Structural Decomposition). The equilibrium region admits a unique decomposition into
persistent and transient components:

5:(9PU€T, SpﬂST:@. (21)

Proof. The decomposition follows directly from the definitions of £ and £r. Since P(z) > Tand P(z) <
7 are mutually exclusive conditions for any z, the sets are disjoint. Their union is the set of elements
satisfying v(z) > n, which is precisely the equilibrium region. O

7
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2.6 Committed Regions

Beyond the equilibrium region, elements exhibit varying degrees of commitment. The committed
regions are those where v(z) < 7, i.e., where fuzziness is sufficiently low.

Definition 2.14 (Membership Region). The membership region is defined as

M ={xeU:v(zr)<nanddi(z) > 0}. (22)

Elements in M exhibit dominance of membership over non-membership, with sufficiently low fuzzi-
ness to warrant commitment.

Definition 2.15 (Non-Membership Region). The non-membership region is defined as

N={xe€U:v(z) <nandi(z) < 0}. (23)

Elements in NV exhibit dominance of non-membership over membership, with sufficiently low fuzzi-
ness to warrant commitment.

2.7 The Four Structural States
The preceding analysis yields a complete decomposition of the universe into four structural states:

U=MUEpUErUN. (24)
These states are:
1. Membership (M): Decisive commitment toward membership.
2. Persistent Equilibrium (£p): Sustained uncertainty over a region.
3. Transient Equilibrium (Er): Localized uncertainty at a transition.

4. Non-Membership (N): Decisive commitment toward non-membership.

Remark 2.16. The present theory deliberately refrains from interpreting £p as "ignorance” and &r as
"conflict” at this stage. Such interpretations require additional evidence structures beyond the member-
ship function alone. The structural dichotomy is purely geometric: it distinguishes sustained equilibrium
from transitional equilibrium based on the behavior of v and its gradient.

Theorem 2.17 (Structural Completeness). The four structural states M, Ep, Er, and N form a complete
partition of U that is entirely induced by the geometry of ji 4.

Proof. For any x € U, either v(x) > n (equilibrium) or v(z) < n (committed). If v(z) > n, then either
P(z) > 7 (persistent) or P(x) < 7 (transient). If v(x) < 7, then either §(x) > 0 (membership) or
d(z) < 0 (non-membership). Thus every = belongs to exactly one of the four states. No element is left
unclassified. O

3. Intrinsic Probabilistic Representation

3.1 Observational Foundation: Uncertainty as a Compositional Structure

In Section 2, we established that each element z € U possesses three fundamental uncertainty de-
scriptors:

1. The fuzziness degree v(z) € [0, 1], measuring the magnitude of uncertainty.
2. The persistence P(z) € (0, 1], measuring the sustained nature of uncertainty.

3. The transience T'(z) € [0, 1), measuring the transitional nature of uncertainty.
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Fuzziness Degree v(z) =1 — |2ua(z) — 1|
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P Persistent Equilibrium
T Transient Equilibrium
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Fig. 1. Geometry of uncertainty: From membership to structural states. (a) A fuzzy
set 14 on five elements 1, . . ., x5. (b) Fuzziness degree v(z) = 1 — [2ua(x) — 1|,
maximum at equilibrium g = 0.5. (c) Equilibrium deviation 6(z) = 2pua(x) — 1;
sign indicates direction of commitment. (d) The four structural states: M
(membership), P (persistent equilibrium), 7" (transient equilibrium), N
(non-membership)
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These three quantities satisfy v(z) € [0,1] and P(z) + T'(z) = 1. They are entirely determined by
the geometry of the membership function.
A fundamental observation now arises:

The uncertainty of an element is not a monolithic quantity but a compositional structure.

The fuzziness degree v(x) represents the total uncertainty mass at x. This mass is distributed across
the different modes of uncertainty: persistent equilibrium, transient equilibrium, and commitment. The
distribution is determined by the local geometry of v.

This observation leads naturally to a probabilistic interpretation: the total uncertainty mass v(z)
should be allocated among the possible structural states in proportion to their geometric evidence.

3.2 Intrinsic Probabilistic Structure

The preceding analysis has established that each element x € U possesses three fundamental de-
scriptors:

1. The equilibrium deviation magnitude | (z)

, measuring the degree of commitment.
2. The fuzziness degree v(z) = 1 — |0(x)|, measuring the total uncertainty mass.

3. The persistence P(x) and transience T'(z) = 1— P(z), measuring how uncertainty behaves locally.

These descriptors naturally induce a probabilistic structure. The key observation is that the total un-
certainty mass v(z) must be allocated between persistent and transient equilibrium in proportion to
their local prevalence, as measured by P(x) and T'(x), respectively. This yields the following evidence
components.

Consider the three fundamental uncertainty components at z:

1. Commitment Evidence: The degree to which commitment dominates. This is measured by the
equilibrium deviation magnitude |5(x)|. When |§(z)| is large, the element is far from equilibrium
and commitment is strong. When |§(z)| is small, commitment is weak.

2. Persistent Equilibrium Evidence: The degree to which uncertainty is sustained. This is measured by
the product v(x) P(z). High fuzziness combined with high persistence indicates sustained equilib-
rium.

3. Transient Equilibrium Evidence: The degree to which uncertainty is transitional. This is measured
by the product v(x)T'(x). High fuzziness combined with high transience indicates transient equi-
librium.

These three components form a complete evidence structure:

Total Evidence = |0(z)| + v(z) P(z) + v(z)T'(x). (25)

However, note that:

0(2)] + v(z)P(z) + v(z)T(x) = |6(x)] + v(z)(P(x) + T(x)) (26)
= |6(x)] + v(z) (27)
= [0(z)| + (1 — |6(x)]) (28)
=1. (29)

Thus the total evidence is identically 1 for all x € U.
This is a remarkable result. The three components:

10



Journal of Computational Intelligence and Decision Analytics
Volume 2, Issue 1 (2026) 1-32

Ec(z) = [6()], (30)

Ep(x) =v(x)P(z), (31)

Er(z) =v(z)T(z), (32)
form a partition of unity:

Each component represents the intrinsic evidence for a particular structural state. Since these ev-
idence components are non-negative and sum to 1, they constitute a probability distribution over the
three fundamental states: commitment (C), persistent equilibrium (), and transient equilibrium (7).

This observation motivates the following definitions.

Definition 3.1 (Intrinsic Commitment Probability). The intrinsic probability of commitment at x € U is
defined as

po(z) = [6(z)| = [2pa(x) — 1]. (34)

The quantity pc(z) measures the degree to which the element is committed toward either member-
ship or non-membership. It satisfies the following properties:

1. pe(x) € [0,1] forallz € U.
2. po(z) = 0ifand only if ua(x) = 0.5, i.e., at perfect equilibrium.
3. po(z) = lifand onlyif us(z) € {0, 1}, i.e., at complete commitment.

Remark 3.2. The terminology "probability” is justified as follows. The quantity pc(z) satisfies the funda-
mental axioms of probability:

1. Non-negativity: pc(z) > Oforallz € U.
2. Normalization: pc(z) + v(x) = 1, where v(x) is the complementary fuzziness degree.

3. Additivity: For mutually exclusive events, pc(x) = pa(x) + py(z), where py(z) and py(x) are
the intrinsic probabilities of membership and non-membership, respectively.

Thus pc(z) is not an arbitrary measure but a genuine probability induced by the geometry of the
membership function.

The complementarity between commitment and fuzziness is fundamental to the theory:

pe(x) +v(z) = |0(z)] + (1 = |o(z)]) = L. (35)

When commitment probability is high, fuzziness is low, and vice versa. At perfect equilibrium
(ua(z) = 0.5), commitment probability is zero and fuzziness is maximal.

Definition 3.3 (Intrinsic Persistent Equilibrium Probability). The intrinsic probability of persistent equilib-
rium at x € U is defined as

1

pp(x) = v(z)P(z) = (1 —|6(z)|)

This probability represents the degree to which uncertainty is sustained. When pp(z) is high, the ele-
ment exhibits persistent equilibrium: fuzziness is locally constant and the equilibrium state is maintained
over an extended region.

"



Journal of Computational Intelligence and Decision Analytics
Volume 2, Issue 1 (2026) 1-32

Definition 3.4 (Intrinsic Transient Equilibrium Probability). The intrinsic probability of transient equilib-
rium at x € U is defined as

pr(e) = (O)T(@) = (1= o)) - s

This probability represents the degree to which uncertainty is transitional. When pr(x) is high, the
element exhibits transient equilibrium: fuzziness changes rapidly and equilibrium is encountered only
momentarily.

(37)

Remark 3.5. The products v(z)P(z) and v(z)T'(x) arise naturally from the evidence structure estab-
lished above. The total fuzziness v () is allocated between persistent and transient modes in proportion
to P(x) and T'(x), respectively. No external parameters are introduced; the probabilities are entirely
induced by the geometry of the membership function.

The commitment probability naturally decomposes into two directional components corresponding
to the sign of the equilibrium deviation:

Definition 3.6 (Intrinsic Membership and Non-Membership Probabilities). The intrinsic probability of
membership at = € U is defined as

pu(x) = [6(2)] - Lis)>03, (38)
and the intrinsic probability of non-membership at x € U is defined as

pn(z) = [6(2)] - Lis(a)<0}- (39)
These directional probabilities satisfy:

pu(x) +pn () = polz) = [0(2)]. (40)

When §(z) > 0, the element is committed toward membership (py; > 0,py = 0). When §(z) < 0,

the element is committed toward non-membership (py > 0, pa; = 0). When 6(z) = 0, both directional
probabilities are zero, indicating perfect equilibrium.

Remark 3.7. The probabilities py;(z) and py () are not arbitrary assignments but emerge directly from
the sign and magnitude of the equilibrium deviation. This ensures that the probabilistic representation
is entirely induced by the geometry of the membership function.

Theorem 3.8 (Complete Probability Conservation). For every x € U, the four intrinsic probabilities satisfy

pu () +pp(x) + pr(z) + py(r) =1, (41)
Proof. We first establish conservation for the three-state distribution:

pc(x) + pp(x) + pr(z) = [0(z)] + v(z) P(x) + v(z)T(2) (42)
= [0(2)| + v(z)(P(z) + T(z)) (43)
= [6(x)] + v(z) (44)
= [0(2)[ + (1 = |6(2)]) (45)
=1 (46)
Since py(x) + pn(2) = pe(z), it follows that:
py () + pp(z) + pr(z) + pn(z) = (Pp(®) + py (7)) + pp(z) + pr(z) (47)
= po(z) + pp(r) + pr(z) (48)
=1 (49)

Thus the four probabilities form a complete probability distribution over the four structural states:
membership (M), persistent equilibrium (P), transient equilibrium (7°), and non-membership (). O
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Remark 3.9. The four-state distribution is the Probabilistic Shadowed Set representation:

Each component is entirely determined by the geometry of the membership function. The distribution
satisfies conservation, non-negativity, and the fundamental property that pp(z) + pr(z) = v(z) —
the total equilibrium probability equals the fuzziness degree. This establishes the complete probabilistic
structure induced by the geometry of fuzzy membership.

3.3 Properties of the Intrinsic Probabilities
We now establish several fundamental properties of the intrinsic probabilities.

Theorem 3.10 (Equilibrium Maximality). At perfect equilibrium p4(x) = 0.5, we have §(x) = 0, so
py () = pn(x) = 0. The probabilities reduce to:

pp(z) = P(x), pr(x) = T(x). (51)
Thus the equilibrium probabilities are determined entirely by the local geometry of fuzziness.

Proof. At perfectequilibrium, p14(z) = 0.5. By definition of equilibrium deviation, 6(x) = 2(0.5)—1 = 0.
Therefore |6(x)| = 0, and consequently v(z) = 1 — |[0(z)| = 1.
For the directional commitment probabilities:
pu(x) = [0(2)| - Lis)>0p = 0 Lgo0p = 0, (52)
pn(2) = [0(2)| - Lis@y<oy = 0 Ljocoy = 0. (53)

For the equilibrium probabilities:

pp(z) =v(z)P(z) =1- P(z) = P(z), (54)
pr(z) =v(x)T(x)=1-T(x) =T(x) (55)
Thus the theorem is established. ]

Theorem 3.11 (Commitment Dominance). As |§(z)| — 1, we have v(x) — 0, so pp(z) — 0and pr(z) —
0. The probabilities reduce to:

pu(®) = Lis@ysoy, P () = Lisa)<o) (56)
Thus complete commitment yields deterministic probabilities.

Proof. As |d(x)| — 1, by definition of fuzziness degree:
v(iz) =1—|6(z)] — 0. (57)
Since pp(x) = v(z)P(z) and P(x) € (0, 1], we have:
0 <pp(z) <v(z)—0, (58)

so pp(z) — 0 by the squeeze theorem.
Similarly, since pr(x) = v(x)T(x) and T'(x) € [0, 1), we have:

0 <pr(z) <v(x) =0, (59)
so pr(x) — 0.
For the directional probabilities:
pur(x) = [0(2)| - Lisy=0p = 1+ Lis)>0}- (60)
Similarly,
pn(7) = [0(2)| - Lis@y<or — 1 Lisa)<0}- (61)
Thus the theorem is established. O
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Theorem 3.12 (Persistence Dominance). When |Vv(z)| — 0, we have P(z) — 1 and T'(x) — 0. The
equilibrium probabilities become:

pe(z) = v(z), pr(zr) = 0. (62)

Thus persistent equilibrium dominates when fuzziness is flat.

Proof. By definition, P(x) = 1/(1 + |Vv(z)|). As |Vv(z)| — 0, we have P(z) — 1, T(z) = 1 —
P(x) — 0, and hence pp(z) = v(z)P(x) — v(x) and pr(x) = v(z)T(x) — 0. Thus the theorem is
established. ]

Theorem 3.13 (Transience Dominance). When |Vv(z)| — oo, we have P(x) — 0and T'(x) — 1. The
equilibrium probabilities become:

pp(z) =0, pr(z) — v(x). (63)

Thus transient equilibrium dominates when fuzziness changes rapidly.

Proof. By definition, P(z) = 1/(1+ |Vv(x)

). As |Vv(z)| — oo, P(z) = 0,T(z) =1— P(z) — 1,0
pp(z) = v(z)P(x) — 0and pr(z) = v(z)T(x

) — v(x). Thus the theorem is established. O

Theorem 3.14 (Continuity). The probabilities py/(z), pp(z), pr(z), and py(x) are continuous functions
of 114 whenever 14 is continuously differentiable.

Proof. Each probability is a composition of continuous functions:

First, 0(z) = 2p4(x) — 1 is continuous since 14 is continuous.

The absolute value function | - | is continuous, so |§(x)| is continuous.

The fuzziness degree v(x) = 1 — |§(z)| is continuous.

The gradient V() is continuous since v is continuously differentiable (as 1.4 is continuously differ-
entiable).

The persistence P(z) = 1/(1 + |Vv(z)|) is continuous since the denominator is always positive
(1+|Vr(z)| >1>0).

The transience T'(z) = |Vv(z)|/(1 4+ |Vv(z)|) is continuous.

Now, each probability is a product of continuous functions:

pu () = [0(2)] - Lis(z)>03, (64)
pp(z) = v(z)P(v), (65)
pr(z) = v(z)T(z), (66)
pn () = [0(2)] - Li5(2)<0) (67)

The indicator functions 15(,)>0} and 15(;)<0} are discontinuous at (z) = 0. However, at §(z) = 0,
the factor |0(z)| = 0, so the products py,(z) and py(z) are continuous through the zero.
Thus all four probabilities are continuous functions of j. 4. O

Remark 3.15. The intrinsic probabilities are entirely determined by the membership function and its local
geometry. No neighborhoods, similarity measures, or external evidence mechanisms are required. The
probabilities emerge directly from the uncertainty structure of each element.

3.4 Interpretation of the Probability Quadruple
The quadruple I1(z) = (pap(z), pp(x), pr(z), pn(x)) admits a clear semantic interpretation:

e py(z): The intrinsic probability that x belongs to the membership region. This is high when com-
mitment favors membership and low when the element is near equilibrium.

e py(z): The intrinsic probability that = belongs to the non-membership region. This is high when
commitment favors non-membership and low when the element is near equilibrium.

14
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e pp(x): The intrinsic probability that x exhibits persistent equilibrium. This is high when fuzziness
is high and locally constant.

e pr(z): The intrinsic probability that = exhibits transient equilibrium. This is high when fuzziness is
high and locally varying.

The sum of all four probabilities is identically 1 for every z € U.

3.5 Individualized Uncertainty Profiles

A distinguishing feature of the intrinsic probabilistic representation is that each element possesses its
own uncertainty profile:

I(z) = (pm(z), pp(x), pr(), pr(2)) - (68)

This profile is entirely determined by the local geometry of the membership function at x. Two ele-
ments with identical membership values p4(z1) = pa(z2) may have different probability quadruples if
their fuzziness gradients differ.

Theorem 3.16 (Individualization). The probability quadruple 11(x) is not determined by 1.4 (x) alone, but
by the local geometry of 1.4 as captured by Vv (x).

Proof. The probabilities depend on v(z) and Vv (z). While v(z) is determined by p4(z), Vv (z) de-
pends on the behavior of 114 in the neighborhood of x. Therefore two elements with identical 1.4 (x) but
different gradients will have different probability quadruples. ]

Remark 3.17. To illustrate, consider the continuous piecewise linear membership function
0.740.8(x —0.5), 0<xz<0.5,
pa(r) =
0.7—12(x—0.5), 05<z<I1.

The equation p4(z) = 0.6 yields two solutions:

0.1 0.1
r1 =05 — 08 = 0.375, Ty = 0.0+ I 0.5833.
Thus pa(z1) = pa(z2) = 0.6. However, p/y(z1) = 0.8 while p//y(z2) = —1.2. Consequently,

\Vv(zy)| = 2|ps(x1)] = 1.6 and |Vv(xs)| = 2|p/y(z2)] = 2.4. Hence P(z;) = 0.3846 whereas
P(z5) = 0.2941. Since v(z1) = v(z2) = 0.8, the equilibrium probabilities differ:

(pp(z1), pr(z1)) = (0.3077,0.4923), (pp(z2), pr(z2)) = (0.2353,0.5647).

Both points share the same commitment probability po = 0.2, yet their full quadruples differ:

I(z1) = (0.2, 0.3077, 0.4923, 0),  II(z3) = (0.2, 0.2353, 0.5647, 0).

Thus I1(z1) # II(x9) despite identical membership values. The difference arises entirely from the
distinct local geometries at the two points.

Summary of Section
In this section, we have:

1. Observe that uncertainty is a compositional structure with three fundamental components.

2. Discuss the intrinsic evidence components: |§(z)

,v(z)P(z),and v(x)T(z).
3. Establish that these components form a partition of unity.

4. Defined intrinsic probabilities directly from evidence components.
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5. Refined the three-state distribution to a four-state distribution.

6. Proved conservation, equilibrium maximality, commitment dominance, persistence dominance,
transience dominance, and continuity.

7. Established individualization as a key property.

All quantities are derived from the membership function and its geometry. No neighborhoods are
required. No external parameters are introduced. The probabilities emerge directly from the uncertainty
structure of each element.

In the next section, we will integrate these intrinsic probabilities into the framework of Probabilistic
Shadowed Sets.

4. Probabilistic Shadowed Sets

4.1 Observational Foundation

In Section 2, we established that uncertainty possesses an intrinsic structural geometry, yielding four
structural states: membership (M), persistent equilibrium (£p), transient equilibrium (£7), and non-
membership (). In Section 3, we derived intrinsic probabilities I1(z) = (pa (), pp(z), pr(x), pn(T))
that emerge directly from the uncertainty structure of each individual element.

We now integrate these developments into the framework of shadowed sets. The fundamental ob-
servation that motivates this integration is:

A shadowed set is an approximation of a fuzzy set that preserves its essential uncertainty structure
while reducing representational complexity.

Classical shadowed sets achieve this by partitioning the universe into three regions: acceptance (core),
rejection (exclusion), and shadow (uncertainty). However, as we have observed, the shadow region is
structurally heterogeneous. The distinction between persistent and transient equilibrium reveals that
uncertainty is not a single phenomenon.

The Probabilistic Shadowed Set (PSS) extends the classical framework by: (i) preserving the structural
distinction within the shadow region; (ii) maintaining the fundamental principle of uncertainty retention;
and (iii) deriving all quantities from first principles.

4.2 Definition of Probabilistic Shadowed Sets

The intrinsic probabilistic representation developed in the preceding section induces a natural exten-
sion of the classical shadowed set framework.

Definition 4.1 (Probabilistic Shadowed Set). Let A be a fuzzy set on U with membership function p4 :
U —[0,1].

For each x € U, define the equilibrium deviation §(z) = 2ua(z) — 1 and the fuzziness degree
v(z) = 1 — |6(x)|. The quantities |d(z)| and v(x) represent the committed informational mass and
uncertainty mass, respectively, with |§(z)| + v(x) = 1.

To characterize the internal organization of uncertainty, define the persistence coefficient P(z) =
1/(1 4 |Vv(z)|) and the transience coefficient 7'(x) = 1 — P(x). These partition the uncertainty mass:
v(z) =v(x)P(x) + v(z)T(x).

The four structural probability components are:

pM<x>:{f(ﬂf>|v 2828 pm):{law, d(x) <0,

pp(x) =v(@)P(z),  pr(z) =v(x)T(z).
These satisfy py/(z) + pp(x) + pr(z) + pn(z) = 1 and all components are non-negative.
Consequently,
La(x) = (pu(@), pp(x), pr(z), py(2))
16
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defines a probability distribution on Q, = {M, P, T, N}, where M denotes membership, P persistent
uncertainty, 1" transient uncertainty, and N non-membership.
The mapping
Oy:U — A3,

where A3 denotes the probability simplex in R, is called the Probabilistic Shadowed Set induced by A.

In contrast to classical shadowed sets, which collapse all uncertainty into a single homogeneous
shadow region, the Probabilistic Shadowed Set assigns to each element a probability distribution over
four mutually exclusive structural states. Thus uncertainty is represented by both its magnitude and its
structural organization across commitment, persistent equilibrium, and transient equilibrium.

Remark 4.2. The Probabilistic Shadowed Set generalizes the classical shadowed set in two fundamental
ways: the codomainis [0, 1]* rather than {0, a, 1}, providing graded structural affiliations; and the shadow
region is decomposed into persistent and transient components, preserving structural information that
is lost in the classical formulation.

Probabilistic Shadowed Set (PSS): Structure-Aware Uncertainty Representation

Probability Quadruples: —_— ) Persistent Eq. &
- ux) Transient Eq. &
ce p=05 Membership M

()] Non-Membership N |

»
Nix_1) = (0.60. 0.07.0.33,0.00A
I\
Y
/ \\
1 |nx2)=(@.00,0.00, u.gﬁ, 0.00) 'y

Value

-0.21 1

-0.4 T T T T T 0

Fig. 2. Probabilistic Shadowed Set (PSS) schema illustrating the four structural states
induced by the geometry of a smooth fuzzy membership function. The blue solid curve is
the membership function 4 (), the red dashed curve is the fuzziness degree
v(z) =1 —|2pa(x) — 1|, and the gray dotted line marks the equilibrium 1 = 0.5 (where
v = 1). The green solid curve (right axis) shows the gradient magnitude |Vv(z)|, capturing
the local variation of fuzziness. Coloured shaded regions under 114 denote: M (blue) -
membership, P (orange) - persistent equilibrium, T" (red) - transient equilibrium, and N
(grey) - non-membership. At four sample points x1, . . ., x4, the probability quadruples
I(z;) = (pam (i), pp (i), pr(w;), pn(2;)) are displayed, quantifying the intrinsic
probabilities of each state. The annotations “PERSISTENT UNCERTAINTY” and “TRANSIENT
UNCERTAINTY” highlight the nature of the equilibrium zones. The bottom colour bar maps
each region to the corresponding decision action: Accept (A1), Monitor (P), Investigate
(T'), and Reject (IV).

Figure 2 illustrates the complete PSS decomposition for a representative smooth membership func-
tion, showing the four structural states and the corresponding probability quadruples at selected points.

4.3 Structural Non-Invertibility

A fundamental property of the Probabilistic Shadowed Set is that the mapping from the probabilistic
representation to the membership value is not invertible: knowing 14 () alone is insufficient to recover
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HA(JJ)

Definition 4.3 (Projection Mapping). The projection F' : T14(z) — pa(x) extracts the membership value
from the probabilistic representation.

Theorem 4.4 (Structural Non-Invertibility). The projection F' is surjective but not injective:
1. Every pa(x) has at least one 11 4(x).
2. There exist 11 4(z1) # I1a(x2) such that F(I14(z1)) = F(11a(x2)).

Proof. Surjectivity follows from the construction: any p4(z) yields a corresponding I14(z). Non-
injectivity follows because P(x) depends on Vv (z), which is not determined by pi4(x) alone. Two
points with identical 4 () but different gradients yield different persistence values and hence different
probability quadruples (see Remark 3.17 for an explicit illustration). O

Remark 4.5. Structural non-invertibility demonstrates that PSS contains information not recoverable
from p4(x) alone. The PSS is therefore a strict refinement of conventional fuzzy membership, preserving
structural information lost when only the membership value is considered.

4.4 Balance Condition and Threshold Determination

The fundamental principle underlying shadowed sets is the preservation of total uncertainty. In clas-
sical shadowed sets, this is expressed through Pedrycz’s balance condition:

(M) + o(N) = 6(£),

where ¢(5) denotes the fuzziness contributed by region S.

In the Probabilistic Shadowed Set framework, a natural analogue is the requirement that the total
probability mass assigned to committed states equals the total probability mass assigned to equilibrium
states:

> (@) +pn(@) =Y (pp(2) +pr(z)). (69)

zelU zelU
Using the definitions of the structural probabilities, this condition simplifies to:

3 (pnr(2) + o () = 3 18(2), (70)
Z(pP(ﬂf) +pr(z)) = Z v(z). (71)

Thus the balance condition becomes:

Do l8@) =) viw). (72)

zeU zelU
This expresses that the total commitment probability equals the total uncertainty probability, which
is a natural and interpretable balance condition for the PSS framework.

4.4.1 Expected Fuzziness

To quantify the average uncertainty remaining after the probabilistic decomposition, we define the
expected fuzziness of the Probabilistic Shadowed Set as

o) => > ps(z)-vs(a), (73)

z€U Se{M,P,T,N}

where vg(z) is the fuzziness degree associated with state S: vy (z) = vy(xz) = 0 for committed
states, and vp(z) = v (x) = v(x) for equilibrium states.
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Theorem 4.6 (Expected Fuzziness). For any Probabilistic Shadowed Set 11 4 defined by the intrinsic prob-

abilities,
$(Ia) = Y v(x)™. (74)

zelU

Proof. The expected fuzziness of the PSS is:

¢(Ia) = ZU (pp(x)v(z) + pr(z)v(z)) (75)
= li:] (pp(z) + pr(z)) v(z) (76)
= S v(z)(P(z) + T(z))v(z) (77)
- § v(z)?. (78)
2eU

The penultimate equality follows from pp(z) = v(x)P(x) and pr(x) = v(z)T(x), and the final equality
from P(z) + T'(z) = 1. O

Remark 4.7. The expected fuzziness ¢(I14) = > v(x)? differs from the total fuzziness of the original
fuzzy set p(A) = > v(z). Thisis not an inconsistency but a consequence of the probabilistic interpre-
tation: ¢(I1,) is the expected value of the fuzziness under the probability distribution over structural
states, not the sum of the actual fuzziness values.

4.4.2 Threshold Determination
The structural thresholds 7 and 7 define the partition of U into the four states. Recall the definitions:

M={z:v(x)<n, é(x) >0}, N={z:v(x)<n, iz) <0},
Ep=A{x:v(x)>n, Plx) >1}, Er={x:v(x)>n, Plx) <1}

The threshold 1 separates committed states (M, N) from equilibrium states (£p, 7). The threshold
7 then separates the equilibrium region into persistent and transient components.

Critically, 7 does not affect the balance between committed and equilibrium states — it only deter-
mines how the equilibrium probability mass is distributed between P and 7T'. Therefore, the balance
condition determines n independently of 7.

Remark 4.8 (Threshold Separation). The balance condition ) |d(x)| = ), v(z) determines the thresh-
old i independently of 7. From the definitions:

D (om(@) +pw(2) = Y 8@, Y (ee() +pr(@) = Y i)

z z:w(z)<n x zw(z)>n

Neither expression depends on 7. Thus the balance condition involves only . Once 7 is determined, the
equilibrium region £ = {z : v(x) > n} isfixed, and 7 can be chosen to achieve any desired split between
persistent and transient equilibrium.

This separation has two important consequences. First, the balance condition reduces to a one-
dimensional search over n, which is computationally efficient and analogous to the single-threshold opti-
mization in classical shadowed sets. Second, T provides additional flexibility: it allows the user to control
the relative emphasis on persistent versus transient uncertainty without affecting the fundamental bal-
ance between commitment and equilibrium.

In the default setting, a natural choice is

7 = median{P(z) : v € £},

which partitions the equilibrium region into two components of equal persistence. This yields a balanced
decomposition of the shadow region without requiring additional parameters.
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Definition 4.9 (Balance Objective). For a given threshold 7, the balance objective is defined as

By=| > [6)— Y vl (79)

zw(z)<n zwv(x)>n
The optimal threshold is then chosen as n* = arg min, B(n).

Theorem 4.10 (Existence of Optimal Threshold). For any fuzzy set A defined on a finite universe U, there
exists a threshold n* that minimizes B(n).

Proof. The universe U is finite, so there are only finitely many distinct values of v(z). Therefore, there are
only finitely many threshold values 7 that yield distinct partitions of U into committed and equilibrium
regions. Since B(n) takes only finitely many values, a minimum exists. O

The threshold determination procedure is therefore:

1. Determine n* by minimizing B(n).

2. Define the equilibrium region & = {z : v(z) > n*}.

3. Choose 7 (default: median persistence in £) to split £ into £p and &r.

Remark 4.11. The separation of thresholds is a key feature of the framework. The balance between com-
mitment and equilibrium is determined solely by 7. The threshold 7 controls the internal structure of the
equilibrium region without affecting the fundamental balance. This two-stage procedure ensures compu-
tational efficiency while preserving the descriptive richness of the four-state representation. Alternative
choices of 7 may be specified by the user to reflect domain-specific requirements.

4.5 Shadow Aggregation and Reduction
Definition 4.12 (Shadow Aggregation). Let I14 be a Probabilistic Shadowed Set. The aggregated shadow
probability is defined as

pe(z) = pp(x) + pr(z) = v(z). (80)

Thus, the total probability assigned to equilibrium coincides exactly with the fuzziness degree.

Theorem 4.13 (Reduction to a Three-State Representation). Let [14(z) = (pum(x), pp(x), pr(x), pn(x))
be a Probabilistic Shadowed Set. If persistent and transient equilibrium are merged into a single equilib-
rium state, then 114 () reduces to

Y (2) = (par (1), pe(2), i (),
where pe(x) = pp(x) + pr(x) = v(z). Furthermore, py(x) + pe(x) + pn(z) = 1 forevery xz € U.

Proof. By definition, pp(z) = v(z)P(x) and pr(x) = v(x)T(x). Since P(z) + T'(z) = 1, it follows

that pe () = v(z). Thus I (2) = (pas(2), v(z), px(2)). Finally, py(z) + px(2) = |6(z)] and v(z) =
1 —|0(z)|, so par(x) + pe(x) + py(x) = |0(z)| + v(z) = 1. O

Remark 4.14. The reduction theorem establishes that Probabilistic Shadowed Sets contain the classical
shadow interpretation as a coarser representation obtained by merging persistent and transient equilib-
rium. However, the threshold of a classical shadowed set is not determined by a universal closed-form
expression. It must be obtained through the chosen shadowed-set optimization principle, such as un-
certainty balance, minimum error, or related criteria. In this sense, PSS is a strict refinement of CSS: it
preserves the three-state structure while adding the ability to distinguish persistent from transient un-
certainty.
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4.6 Information Decomposition and Preservation

A fundamental question is whether the refinement introduced by the Probabilistic Shadowed Set rep-
resentation genuinely preserves additional information relative to its aggregated counterpart. The an-
swer is affirmative.

Recall that the aggregated shadow probability is pe(2) = pp(x) + pr(x) = v(x). The corresponding
aggregated representation is

I (x) = (par(x), pe(x), pn (),
which ignores the distinction between persistent and transient equilibrium.

The following result establishes that the full Probabilistic Shadowed Set representation always con-
tains at least as much information as its aggregated reduction.

Theorem 4.15 (Information Preservation). LetI14(z) = (pam(x), pp(x), pr(x), pn(x)) be the Probabilistic
Shadowed Set, and let T1%%(z) = (pu(z), pe(z), pn(x)) be its aggregated reduction, where pg(x) =
pp(x) + pr(x). Then H(I4(z)) > H(II’¥%(x)) for all z € U. Moreover,

HL) ~ ) = pelo (20,2000 )

pe(r)’ pe()
Proof. By the grouping property of Shannon entropy applied to pe(z) = pp(z) + pr(z),

H(a(z)) = H(II%¥(x)) + pe(x)H (Z((i)) ’ iﬁgi)) > ‘

Since entropy is nonnegative, the second term is > 0, hence H (I14(z)) > H (IT%%(z)). O

The theorem provides an exact decomposition of the informational content of a Probabilistic Shad-

owed Set. The quantity @) @
pplT) Pr\x
Ad() pg(z)H(ps(x) ’ p5(37)>

measures the uncertainty associated with the internal structure of the equilibrium region. Consequently,
the distinction between persistent and transient equilibrium is not merely a semantic refinement but
corresponds to a quantifiable amount of information that is absent from the aggregated representation.

From this perspective, the probabilistic decomposition reveals a layer of structural uncertainty that is
invisible to classical shadowed sets. The additional information preserved by the Probabilistic Shadowed
Set is precisely the information required to characterize how equilibrium is distributed between sustained
and transitional forms.

Corollary 4.16 (Additional Information Bound). For every x € U,
0 <AH(x) <peg(zr) <1,
where AH (x) = H(Il4(x)) — H(IT*¥(z)).

Proof. From Theorem 4.15,

i) = et (55 o)

The entropy of a binary distribution is at most 1, so AH(x) < pe(x). Since pg(z) = v(z) < 1, the result
follows. []

Remark 4.17. The information gain induced by the persistent-transient decomposition is
AH(z) = v(2)H(P(x), T(x)).

This expression reveals that the additional information is governed jointly by the degree of uncertainty
v(x) and the structural allocation of that uncertainty between persistence and transience. The gain van-
ishes whenever v(x) = 0 or when all equilibrium mass is concentrated in a single component, and it is
maximized when uncertainty is distributed equally between persistent and transient equilibrium.
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4.7 PSS Decision Policies
The probabilistic decomposition assigns to each element = € U a probability quadruple

ITa(z) = (pm(x), pp(z), pr(z),pr (),

where py,(x) and py(z) quantify commitment toward membership and non-membership, while pp ()
and pr(z) quantify persistent and transient equilibrium, respectively.

A natural question arises: how should decisions be made from this representation? In classical shad-
owed sets, decision making is achieved through a three-way partition of the universe into membership,
shadow, and non-membership regions. The shadow region represents a deferred decision. In contrast,
the Probabilistic Shadowed Set reveals that not all deferred decisions are equivalent. Some correspond
to stable equilibrium, whereas others correspond to transitional equilibrium. Consequently, the proba-
bilistic decomposition naturally induces a four-way decision model.

4.7.1 Dominant-State Policy
The most direct decision policy assigns each element to the state with highest probability.

Definition 4.18 (Dominant-State Decision). Given a Probabilistic Shadowed Set representation I14(z),
the dominant-state decision is defined by

Dimax() = arg max{py (), pp(2), pr(z), py ()}

This rule assigns every element to exactly one of the four structural states: M, P, T, N. Unlike
threshold-based constructions, the decision emerges directly from the intrinsic probabilistic structure of
the fuzzy set.

4.7.2 Decision Semantics
The four probabilities admit a natural interpretation in terms of actions:

Table 1
Decision semantics of Probabilistic Shadowed
Sets
State  Recommended Action  Nature of Action
M Accept membership Commitment
P Monitor Passive observation
T Investigate Active information gathering
N Reject membership Commitment

The distinction between P and T is fundamental. Persistent equilibrium arises when uncertainty
remains stable across a region of the universe. Such uncertainty is structural and may not be resolved
easily through additional information. The appropriate action is to defer and monitor passively. Transient
equilibrium, on the other hand, occurs near rapid changes of fuzziness and signals an ongoing transition.
The appropriate action is to investigate actively or acquire evidence.

4.7.3 Confidence-Based Policy
In certain applications, a decision may be made only when sufficient confidence exists.

Definition 4.19 (Confidence-Based Decision). Let A € [0, 1] be a confidence threshold. The decision
policy is

(M, pu(x) > A\,

P, pp(x) > A,

Dy(z) =1 T, pr(z) > A,
N, pn(z) > A,

( undetermined, otherwise.

This policy introduces a fifth outcome corresponding to insufficient confidence, which may be useful
in safety-critical applications where premature commitment is undesirable.
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4.7.4 Expected Utility Policy

When application-specific utilities are available, decisions may be selected according to expected util-
ity. Let u, s denote the utility of taking actiona € {M, P,T, N } when thetruestateis S € {M, P, T, N}.
The expected utility of action ¢ at x is:

Usz)= > ps(a) - tas. (81)
Se{M,P,T,N}
The optimal decision is then:
Dy(x) =arg max U,(z). (82)
ac{M,P,T,N}

Remark 4.20. The expected utility policy is the most flexible decision rule. It enables the incorporation of
application-specific preferences while preserving the intrinsic probabilistic structure of the Probabilistic
Shadowed Set.

4.8 Algorithm for Probabilistic Shadowed Set Construction
We present the complete algorithm for constructing a Probabilistic Shadowed Set from a given fuzzy
set.

Table 2
Construction of the Probabilistic Shadowed Set

Input: Fuzzy set A = {(x, ua(z)) : z € U}
Output: I14(z) = (pum(z),pr(z), pr(z), py(2))

Step 1. Compute equilibrium deviation
Foreachz € U

d(z) =2ua(z) — 1

v(z) =1—|6(z)]

Step 2. Compute persistence and transience
Foreachx € U
Compute Vv/(z) using finite differences

PO = @l
T(z)=1- P(z)

Step 3. Compute probabilistic components
Foreachxz € U

Return T4 (z) = (pM<x>7pP(l’)7pT(x)apN(xD

Remark 4.21. The algorithm is entirely data-driven. All quantities are derived directly from the member-
ship function 14 (x) and its local geometry. No external parameters, thresholds, or optimization proce-
dures are required. The conservation property ) 4 pgs(x) = 1 follows directly from the definitions.

4.9 Global Partition Thresholds

A natural question is whether the PSS framework admits global thresholds «, 8p, 81, v that partition
Uinto M, Ep, Er, N using only 4(x). The answer is negative.

The PSS representation depends not only on 14 () but also on the local geometry through P(x) =
1/(1+4 |Vv(x)|). Two elements with identical membership values may have different persistence values
and hence different probability quadruples.
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Theorem 4.22 (Nonexistence of Universal Four-Way Thresholds). No global thresholds «, Bp, B, 7 exist
such that the four PSS regions can be recovered solely from inequalities involving pi4 ().

Proof. If such thresholds existed, classification would depend only on 114(x). But by the Structural Non-
Invertibility Theorem, there exist x1, xo with 4 (1) = pa(xse) yet 114 (z1) # La(z2). Thus no p4-based
rule can reproduce the PSS decomposition. O

The absence of universal thresholds reflects that PSS captures information unavailable to membership-
based representations.

A related question concerns a three-way approximation obtained by merging P and T into a sin-
gle shadow state. Since pg(z) = pp(z) + pr(z) = v(z), the reduced representation is H(j’) (x) =
(pm(x),v(x),pn(x)). An exact global threshold generally does not exist because v(x) is continuously
varying.

Nevertheless, one may approximate the average uncertainty by choosing o to match the classical
shadow proportion:

1 1
*=arg min |— 1, elay — — ‘
“ gae[o,l/z] |U| ;6(:] {a<pa(@)<1-a} U] Zy(x)

zelU

No universal closed-form expression for a* exists; it must be computed numerically, except for special
cases such as symmetric functions with compact support.

Thus, unlike classical shadowed sets, PSS does not admit universal global partition thresholds. Its de-
composition is inherently element-wise, arising from local uncertainty geometry rather than fixed mem-
bership cut levels.

Summary

The Probabilistic Shadowed Set framework generalizes classical shadowed sets in three respects: (i)
all quantities emerge from the geometry of the membership function; (ii) the shadow region is decom-
posed into persistent and transient components, preserving structural information; and (iii) each element
possesses its own uncertainty profile, determined by its local geometry. The framework thus provides
a principled, first-principles representation of uncertainty that respects the intrinsic geometry of fuzzy
membership.

5. Validation of the Probabilistic Shadowed Set Framework

The objective of this section is to examine whether the fundamental principles underlying Probabilis-
tic Shadowed Sets (PSS) are manifested in practice. The validation is organized around four questions:
(i) Does the persistent-transient decomposition yield a richer informational representation than classical
shadowed sets? (ii) Is the framework robust to the choice of persistence operator? (iii) Is the decompo-
sition stable under perturbations? (iv) Is the framework computationally feasible?

All experiments were conducted on the domain = € [—4, 4] using continuous membership functions
with diverse geometric characteristics: Gaussian (smooth, unimodal, exponentially decaying), triangular
(piecewise linear, compact support), trapezoidal (piecewise linear with plateau), and sigmoidal (smooth
monotonic transition). These functions span a representative range of fuzzy set geometries commonly
encountered in practice.

Figure 3 provides a compact overview of the benchmark membership geometries together with their
persistence profiles. The comparison emphasizes that persistence is a geometric property: similar mem-
bership magnitudes can be associated with different local stability patterns when the surrounding shape
of the fuzzy set changes.
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Fig. 3. Membership functions and corresponding persistence profiles for Gaussian,
triangular, trapezoidal, and sigmoidal functions. Persistence is highest where
fuzziness is locally stable

This overview motivates the separate validation of probability conservation, information gain, opera-
tor sensitivity, perturbation robustness, and computational cost in the subsections that follow.

5.1 Theoretical Consistency Validation

To validate the intrinsic probabilistic structure derived in this section, we consider a standard Gaussian
fuzzy set defined on the domain z € [—4, 4]:

$2
pa(z) = exp (—?) . (83)
For this fuzzy set, we compute all intrinsic quantities derived above. Figure 4 presents the results in

four panels.
The numerical validation confirms the following identities to machine precision:

Table 3

Validation of intrinsic probability

identities
Identity Max Error Status
pc+vrv=1 0.00 x 109 Exact
P+T=1 0.00 x 109 Exact
pm + PN =DPC 0.00 x 109 Exact
pc+pp+pr=1 1.11 x 10716 Exact
pyv+pp+pr+py=1 111x10"%  Exact
pp+pr=v 1.11 x 10716 Exact

At the equilibrium point 4 (2) ~ 0.5 (the center of the Gaussian), the computed quantities are:
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pa ~ 0.4978,
0 ~ —0.0044,
v ~ 0.9956,
po ~ 0.0044,
pp =~ 0.6412,
pr ~ 0.3543,
pp + pr ~ 0.9956.

84
85
86
8
(88
(89
(90

(
(
(
(

N

)
)
)
)
)
)
)

These results reveal several important insights. First, at equilibrium, commitment probability is nearly
zero and fuzziness is near maximum. Second, the fuzziness is split between persistent equilibrium (64%)
and transient equilibrium (36%), reflecting the local geometry of the Gaussian membership function.

Third, the fundamental identity pp + pr = v holds exactly.

We also tested a subnormal Gaussian fuzzy set with height h = 0.8:

1) 030 (- 2).

At the maximum fuzziness point 14 ~ 0.4, the framework yields:

pa ~ 0.3982,
0 ~ —0.2035,
v =~ (0.7965,
pe ~ 0.2035,
pp ~ 0.4104,
pr ~ 0.3861,
pp + pr = 0.7965.

(92)
(93)
(94)
(95)
(96)
(97)
(98)

N

o\

97
98

This confirms that the framework handles subnormal fuzzy sets naturally. The maximum fuzziness
point need not coincide with 4 = 0.5; the framework adapts to the geometry of the membership

function.
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Fig. 4. Validation of the intrinsic probabilistic structure on a Gaussian fuzzy set. (a)
Membership function 114 (z) and fuzziness degree v(x). (b) The three evidence
components: commitment evidence E¢ = ||, persistent equilibrium evidence Ep = v P,
and transient equilibrium evidence E1 = vT'. These components partition unity:

Ec + Ep + Ep = 1. (c) The four-state probabilities: membership pj,, persistent
equilibrium pp, transient equilibrium p7, and non-membership py. (d) Conservation
verification: pc +pp +pr=1andpy +pp +pr+py =1

The validation demonstrates that the probabilistic representation is not an approximation but an ex-
act consequence of the geometry of the membership function. The conservation laws hold to machine
precision, confirming the mathematical rigor of the framework.

These numerical results confirm that the intrinsic probabilities form a complete probability distribu-
tion, establishing the Probabilistic Shadowed Set representation:

(z) = (pm(x), pp(x), pr(z), PN (7)), (99)

where the four components are as defined in the preceding subsection. This representation is now
ready for application in decision-making and threshold induction.

5.2 Comparison with Classical Shadowed Sets

The primary distinction between PSS and existing shadowed-set models lies in the treatment of equi-
librium. In Pedrycz’s uncertainty-balance shadowed sets and Gao’s Mean Entropy Shadowed Sets (MESS),
the equilibrium region is represented by a single component E. In contrast, PSS decomposes equilibrium
into two complementary components, £ = P + T', where P denotes persistence and I’ denotes tran-

sience.
For each representation, the entropy is computed. For the classical shadowed-set representations,

HCSS = H(Ma Ea N)a
where E is the aggregated shadow probability. For PSS,

Hpss = H(M, P, T,N).
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The additional information captured by PSS is quantified through
AH = Hpss — Hess.

Across the four standard membership functions, the results are:

Function Hpss  Hess AH PSS Advantage
Gaussian 0.8631 0.5647 0.2984 52.8%
Triangular  0.6075 0.3600 0.2475 68.8%
Trapezoidal 0.1989 0.1260 0.0729 57.9%
Sigmoidal  0.5150 0.3565 0.1585 44.5%

The average information gain is AH = 0.1943 bits, with AH > 0 for all functions, representing an
average improvement of 56.0% over classical shadowed-set entropy. The maximum observed gain was
0.687376 bits. Thus every uncertainty configuration satisfied the entropy refinement property, confirming
that the persistence-transience decomposition introduces additional information that is inaccessible to
conventional shadowed-set representations. Figure 5 summarizes this comparison visually, showing both
the entropy levels and the positive information gain for every benchmark function.

(a) Entropy Comparison (b) Information Gain

Entropy (bits)
AH (bits)
°

0.00
Gaussian Triangular Trapezoidal Sigmoidal Gaussian Triangular Trapezoidal sigmoidal

Fig. 5. Comparison of PSS with classical shadowed sets. (a) Entropy of PSS versus

aggregated classical representation. (b) Information gain AH = Hpgg — Hesg for

each membership function. PSS consistently achieves higher entropy, confirming
information preservation.

5.3 Persistence Operator Ablation
The framework allows different persistence operators:

1
14 g|’

1

Pexp(9) = 1ol Puuad(9) = TW

Plin(g)

For a Gaussian membership function, the results are:

Operator Mean P MeanT Mean AH
Linear 0.7077  0.2923 0.2984
Exponential 0.6473  0.3527 0.2954
Quadratic 0.7835  0.2165 0.2763

All operatorsyield AH > 0, confirming that information preservation is robust to the choice of persis-
tence function. The linear operator provides the highest information gain and is adopted as the default.
Figure 6 shows that the three operators remain close in performance while preserving the advantage of
the linear form.
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Fig. 6. Persistence operator ablation. Comparison of linear, exponential, and
guadratic persistence operators on information gain A H. All operators yield
positive gain; the linear operator achieves the highest performance

5.4 Robustness Under Perturbations

To evaluate stability, a Gaussian membership function was subjected to four perturbation types at
increasing magnitudes. The information gain A H was monitored:

Perturbation Level 0.00 Level 0.05 Level 0.10 Level 0.15 Level 0.20
Gaussian Noise 0.2984 0.2409 0.2069 0.1968 0.1723

Oscillatory 0.2984 0.2939 0.2836 0.2697 0.2607
Asymmetric 0.2984 0.2995 0.3010 0.3014 0.3031
Multi-modal 0.2984 0.2999 0.3000 0.3007 0.2987

The framework maintains positive information gain across all perturbation types and magnitudes.
Asymmetric and multi-modal perturbations show remarkable stability, while Gaussian noise produces
the expected monotonic decrease in AH as local structure is progressively destroyed. The persistence
values remain coherent, with mean P decreasing under Gaussian noise as uncertainty becomes more
fragmented. Figure 7 makes these perturbation trajectories explicit and shows the corresponding stability
of the persistence component.

(a) Information Gain under Perturbations (b) Persistence Stability

e I ——_ |
030 — o

 ——
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—=— Multi-modal

0000 0025 0050 0075 0100 0125 0150 0175  0.200 0000 0025 0050 0075 0100 0125 0150 0175 0200
Perturbation Level Perturbation Level

Fig. 7. Robustness under perturbations. Information gain A H under four
perturbation types: Gaussian noise, oscillatory, asymmetric, and multi-modal
perturbations. PSS maintains positive information gain across all perturbation

types and magnitudes

5.5 Computational Complexity
Execution times for increasing discretization sizes n are:
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n 20 240 430 620 810 1000
Time (s) 0.000474 0.000403 0.000412 0.000616 0.000619 0.000644

All execution times remain below 1 millisecond, confirming that PSS is computationally feasible for
practical applications with negligible overhead. Figure 8 confirms that execution time remains essentially
flat over the tested discretization range.

Computational Scaling

0.00100 A

0.00099 A

0.00098 A

0.00097 A

Execution Time (s)

0.00096 -

0.00095 A

200 400 600 800 1000
Number of Discretization Points n

Fig. 8. Computational scaling. Execution time versus number of discretization
points n. All times remain below 1 millisecond, confirming practical feasibility

5.6 Statistical Validation

To verify that the information preservation effect is statistically significant, the experiment was re-
peated on 100 randomly generated membership functions. The results are:

Measure Mean

Hopss 0.804983
Hess 0.521078
AH 0.283905

The Wilcoxon signed-rank test yielded
W = 5050.00, p = 1.948 x 107,

With p < 0.0001, the null hypothesis Hy : Hpss = Hess is rejected. The information preservation
effect is statistically significant at a = 0.05.

5.7 Discussion

The validation studies collectively reveal a coherent picture. The entropy analysis demonstrates that
PSS yields a richer informational representation than both Pedrycz shadowed sets and MESS, with an
average improvement of 56.0% in entropy (AH = 0.1943 bits). The framework is robust to the choice
of persistence operator, maintains positive information gain under four distinct perturbation types, and
scales with sub-millisecond execution times. Statistical validation on 100 random fuzzy sets confirms that
Hpss > Hess is a universal property (p = 1.948 x 10718),

These findings support the central thesis: uncertainty is not merely a quantity but possesses internal
geometry. By explicitly representing this geometry through persistent and transient components, Prob-
abilistic Shadowed Sets provide a richer and more structurally informative alternative to conventional
shadowed-set representations while preserving full probabilistic consistency.
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6. Conclusions

This paper introduced Probabilistic Shadowed Sets (PSS), a principled generalization of classical shad-
owed sets founded on a simple observation: uncertainty possesses not only magnitude but also internal
structure. Classical shadowed sets quantify the amount of uncertainty through a single shadow region,
whereas PSS further distinguishes whether that uncertainty is persistent or transient according to its local
geometric organization. Consequently, uncertainty becomes an object with both intensity and structure.

Starting from the geometry of the membership function, we showed that the deviation from equilib-
rium induces a natural decomposition into certainty and fuzziness, while the spatial evolution of fuzziness
determines persistence and transience. These quantities arise intrinsically from the membership func-
tion itself, requiring neither externally specified thresholds nor optimization procedures, and achieving
linear computational complexity. The resulting probability quadruple

a(z) = (pu(x), pp(z), pr(z), py(z))

provides a complete probabilistic description of the local uncertainty state while preserving probabil-
ity conservation.

The proposed framework establishes several fundamental properties. The Entropy Refinement Theo-
rem proves that separating persistent and transient uncertainty necessarily increases informational con-
tent relative to classical shadowed sets. The Structural Non-Invertibility Theorem demonstrates that the
probabilistic representation captures structural distinctions invisible to conventional membership values.
The Reduction Theorem shows that classical shadowed sets are recovered by aggregating persistent and
transient equilibrium, establishing PSS as a genuine extension rather than an alternative formulation.

Experimental studies consistently support the theoretical development. The persistent-transient de-
composition preserves additional information across diverse membership-function families, remains ro-
bust under multiple perturbation mechanisms, incurs negligible computational cost, and exhibits statis-
tically significant information refinement over classical shadowed sets.

More broadly, this work suggests a different perspective on uncertainty representation. The shadow
region should not be regarded as an undifferentiated zone of ignorance, but as a structured equilib-
rium whose organization conveys information beyond uncertainty magnitude alone. By incorporating
this structural organization into the representation itself, Probabilistic Shadowed Sets provide a richer
foundation for uncertainty modeling while remaining faithful to the geometric principles underlying fuzzy
membership.

Future work will investigate extensions to interval-valued, type-2, and higher-order fuzzy representa-
tions, as well as applications in uncertainty-aware decision making, granular computing, and intelligent
reasoning systems where distinguishing persistent from transient uncertainty may enable more adaptive
and context-sensitive reasoning.
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